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Abstract

We study the existence of homoclinic orbits for the second order Hamiltonian system § +
Vq(t,q)=f(t), where ¢ € R" and V € Cl(Rx[R", R), V(t,q9)=—K(t,q)+W(t, q) is T-periodic
in 7. A map K satisfies the “pinching” condition b;|q|> <K (t,q) <b|q|?, W is superlinear at
the infinity and f is sufficiently small in L%(R, R"). A homoclinic orbit is obtained as a limit
of 2kT-periodic solutions of a certain sequence of the second order differential equations.
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1. Introduction

In this paper, we shall be concerned with the existence of homoclinic orbits for the
second order Hamiltonian system:

g+ Ve, q) = fQ), (HS)
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where 7 € R, ¢ € R" and functions V:R x R" — R and f:R — R”" satisfy:

Hy) V(t,q) = —K(t,q)+W(t, q), where K, W: RxR" — R are Cl—maps, T-periodic
with respect to ¢, T > 0,
(Hp) there are constants by, by > 0 such that for all (z,g9) € R x R"

bilgl* <K (t,q)<balql?,

(Hz) for all (r,q) € R x R", K(t,q)<(q, K4(t,q)) <2K (¢, q),
(Hyq) Wy(t,q) = o(lql), as |g| — O uniformly with respect to ¢,
(Hs) there is a constant u > 2 such that for every t € R and ¢ € R" \ {0}

O < 'LLW(I, 4)<((]7 Wq(tv ‘I)),

(Hg) f:R — R”" is a continuous and bounded function.

Here and subsequently, (-, -): R" x R” — R denotes the standard inner product in R”
and | - | is the induced norm.

We will say that a solution g of (HS) is homoclinic (to 0) if g(¢) — 0 as t — Fo0.
In addition, if ¢ £ O then ¢ is called a nontrivial homoclinic solution.

For each k € N, let E := W21];2T([R, R™), the Hilbert space of 2k T -periodic functions
on R with values in R" under the norm

kT 1/2
Igllg, = (/kT(m(mz + |q<z)|2>dt) :

Furthermore, let L5}, (R, R") denote a space of 2kT-periodic essentially bounded (mea-
surable) functions from R into R" equipped with the norm

lqllg, = ess supllg ()] : 1 € (KT, kT1).

We begin with a result which is a direct consequence of estimations made by Rabi-
nowitz in [12].

Proposition 1.1. There is a positive constant C such that for each k € N and q € Ey
the following inequality holds:

lgllege, <CligllE,- ey

2kT

One can easily show that the inequality (1) holds true with constant C = +/2 if
T}% (see Fact 2.8).
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Set M := sup{W(t,q):t € [0,T],|q| = 1}, by := min{l,2b;}, by := max{l, 2b,}
and suppose that:

(H7) 2M < by and (fR |f(t)|2dt)1/2<%, where 0 < f§ < b1 —2M and C is a constant
from Proposition 1.1.

We will prove the following theorem:

Theorem 1.2. [f the conditions (H1)—(Hy) are satisfied then the system (HS) possesses
a nontrivial homoclinic solution q € WL2(R, R") such that qg(@) — 0 as t - Foo0.

In recent years several authors studied homoclinic orbits for Hamiltonian systems
via critical point theory. In particular, the second order systems were considered in
[1,3,5-7,11-13,16], and those of the first order in [4,8—10,14,15]. Our study is motivated
by a paper of Rabinowitz [12] in which the existence of a nontrivial homoclinic solution
for the second order Hamiltonian system

was proved. The function V considered by the author is of the form
V(t.q) = —3(Lg.q) + Wt.q), ®)

where L is a continuous 7-periodic matrix valued function such that L(z) is positive
definite and symmetric for all ¢ € [0, T], W satisfies (Hs) and (Hs). Let us note that
conditions (H») and (H3) are satisfied if K(¢,q) = %(L(t)q,q). On the other hand,
one can easily check that if

(1 + 1;7))# for x >0,

K(t,x) =
(1+]+%>x2 for x <0
and W(t,x) = x* where 7,x € R, then V(r,x) = —K (¢, x) + W(z, x) cannot be

represented in the form (2) with W satisfying (Hy), (Hs) while V satisfies conditions
(H1)—(Hs). Hence, our theorem extends the result from [12] even if f(¢) = 0. It follows
from our assumptions that g(¢) = 0 is a solution of (HS) only if f(z) = 0. Therefore,
if fis a nonzero function the existence of a homoclinic solution of (HS) implies its
nontriviality.

Similarly to [12] a homoclinic solution of (HS) is obtained as a limit, as k — 400,
of a certain sequence of functions gy € Ex. However, in our approach, we consider a
sequence of systems of differential equations:

g+ Vy(t.q) = fi(0), (HSp)
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where for each k € N, fr: R — R" is a 2kT-periodic extension of the restriction of f
to the interval [—kT, kT] and gj is a 2kT -periodic solution of (HSj) obtained via the
Mountain Pass Theorem.

Part of the difficulty in treating (HS) is caused by the fact that in order to get
appropriate convergence of the sequence of approximative functions {gi}rcn We need
the constants p and o appearing in the condition (iii) of the Mountain Pass Theorem
(see Theorem 2.5) to be independent of k.

2. Proof of Theorem 1.2

At first let us recall some properties of the function W (z, g) from [12]. They all are
necessary to the proof of Theorem 1.2.

Fact 2.1. For every t € [0, T] the following inequalities hold:

W(z,q)w(r,%)mv‘ if 0<lgl<1, 3)
W(z,q>>W<r,é—|)|q|“ if 1g1>1. )

To prove this fact it suffices to show that for every ¢ # 0 and ¢ € [0, T] the function
0, 400) 3 { —> W(t, C‘lq)C“ is nonincreasing. It is an immediate consequence of
(Hs).

Fact 2.2. Set m := inf{W(t,q):t € [0, T], |q| = 1}. Then for every { € R\ {0} and
q € Ei \ {0} we have

kT kT
W, (1) di > m|)" / " df — 2KTm. )
—kT T

Proof. Fix { € R\ {0} and g € E; \ {0}. Set Ay = {t € [—kT,kT]:|{q(t)|<1}, and
By = {t € [—kT,kT]:|{q(t)|>1}. From (4) we obtain

lq () )
W, md
) (’ Cq ) 14O

kT
W, {q(n)dt >
T

Wt L)) di > /

B

By

> m/ R
By

WV

kT
m/ ICQ(t)I“df—m/ |Cq(t)|* dt
T Ay

WV

kT
mlél“/k lg()|*dt —2kTm. O
T
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Fact 2.3. Let Y:[0, +00) — [0, +00) be given as follows: Y (0) = 0 and

, Wy (t,

Y(s) = max w (6)
1€[0,7] lg|?
0<lq| <s

for s > 0. Then Y is continuous, nondecreasing, Y (s) > 0 for s > 0 and Y (s) — +00
as s — +o0.

It is easy to verify this fact applying (Hs), (Hs) and (4).

Assumptions (Hy) and (Hs) imply that W(t, g) = o(lg®) as ¢ — 0 uniformly for
t € [0,T] and W(t,0) = 0, W,(¢t,0) = 0. Moreover, from (Hy) we conclude that
K@, 0)=0,K,(t0) =0.

Before we will prove Theorem 1.2, we have to introduce more notation and some
necessary definitions. For each k € N, let L%kT([R, R™) denote the Hilbert space of 2kT-
periodic functions on R with values in R” under the norm ||g/|| L2,= ( ff,{T |q(t)|2dt) 1/2.

Let fi: R — R" be a 2kT-periodic extension of fjj—x7 7] onto R. From (H7) it follows
that || fll L2, < f/2C. Consider the second order Hamiltonian system:

G+ Vet q) = fi(0). (HSy)
Let n: Ex — [0, +00) be given by
1/2

kT
N (q) = (/ [Iq'(t)|2+2K(t,q(t))] dt> : (7)
—kT

By (Hz),
billgllg, <ni@) <baliqll%, - ®)

It is worth pointing out that if the function K(¢, ¢g) is of the form %(L(t)q, q) with
a matrix valued function L satisfying the same conditions as in [12] then 5, deter-
mined by (7) is a norm in Ej equivalent to the norm | - ||g,. Let [x: Ex — R be
defined by

kT 1. 5 kT
Ii(q) / [EIQ(I)I - V(I,Q(t))] dt+/ (fx(0), q(1)) dt
—kT —kT

1 kT kT
= i@~ [ We.qndi+ / (). q()) d. ©)
T kT

Then I; € C'(Ex, R) and it is easy to check that

kT

kT
Li(q)v =/ [(G(0), 5(1) = (V4 (2, (1)), v(1))] dt+/kT(fk(t), v(r))de,  (10)

—kT —
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and

kT kT
@< — / - (Wyltg@). q0)dr + / (g (11)

Moreover, it is clear that critical points of Iy are classical 2kT-periodic solutions of
(HSy).
We have divided the proof of Theorem 1.2 into a sequence of lemmas.

Lemma 24. If V and f satisfy (H1)-(H7) then for every k € N the system (HSy)
possesses a 2kT-periodic solution.

We will obtain a critical point of /; by the use of a standard version of the Mountain
Pass Theorem (see [2]). It provides the minimax characterisation for the critical value
which is important for what follows. Therefore, we state this theorem precisely.

Theorem 2.5 (see Ambrosetti and Rabinowitz [2]). Let E be a real Banach space and

I:E — R be a C'-smooth functional. If I satisfies the following conditions:

() 1(0) =0,

(ii) every sequence {u;}jcN in E such that {I(u;)}jeN is bounded in R and I'(u;) —
0 in E*, as j — oo, contains a convergent subsequence (the Palais-Smale
condition),

(iii) there exist constants @, o. > 0 such that I‘ 3B, (0) >oa,

(iv) there exists e € E \EQ(O) such that 1(e)<0,

where By(0) is an open ball in E of radius ¢ centred at 0, then I possesses a critical
value ¢ >o given by

c = inf max I(g(s)),
gels€l0,1] (g( ))

where
I'={geC(0,1], £): g(0) =0, g(1) =e}.

Proof of Lemma 2.4. In our case it is clear that I (0) = 0. We show that I satisfies the
Palais-Smale condition. Assume that {u;};en in Ef is a sequence such that {I; (u;)};eN
is bounded and I,é(u j) — 0 as j — +o0. Then there exists a constant Cy > 0 such
that

[ (u )] < C, 17 (u )l g < C (12)
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for every j € N. We first prove that {u;};cn is bounded. By (9) and (Hs),

kT

2
me(u)) < 21k(uj)+;/kT(Wq(tauj(t))»“j(t))dt

kT
- / i) u; (1)) dt.
kT

From (13) and (11) we obtain
2 2 2 ’
1 m M) < 20 (uj) — ;Ik(uj)uj

2 kT
- <2 - —) f o(®), () d.
K, J—kr

From (14) and (8) it follows that

2\ - 2
1= ) Billusly, < 2hituy)

2 2
+ <;||1k'<uj)||E; + (2 - ;) ||fk||L%kT) e

Combining (15) with (H7) and (12) we get

2\ - 2Ck 2\ B
=) byllui)% — (== +(2-2) 2 g —2C <0.
< u) Ullujll g, (H +< u) 2C>||'4./||Ek k

381

13)

(14)

5)

(16)

Since p > 2, (16) shows that {u;};cn is bounded in Ej. Going if necessary to a
subsequence, we can assume that there exists u € Ey such that u; — u, as j — +00, in
E, which implies u; — u uniformly on [—kT, kT]. Hence (1] (u;) — I} (u)) (uj—u) —

0, lu; — u||L%kT — 0 and

kT
/kT(Vq(t, wj(t)) — Vy(t,u(t)), u;(t) —u(t))dt — 0,

as j — +o0o. Moreover, an easy computation shows that

() = ) Gy — ) = lluj = il

kT
—/kT(Vq(I,uj(t)) — Vo (t,u(®), uj(t) —u))dt,

and so [lu; — 12||i2 — 0. Consequently, |[u; — ullg, — 0.
2kT
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We now show that there exist constants g, « > 0 independent of k such that every

I satisfies the assumption (iii) of Theorem 2.5 with these constants. Assume that
0 <llgllrg, <1. By (3) we have

kT kT
Wt q0)di < / W(t, ﬂ) lg(0) " di
T —kT lg (£)]

kT
< M/ g dt<MlqI3,.
—kT
and, in consequence, combining this with (8) and (H;7) we obtain

1~ 2 2
I(@) > billgly, — Mg, = 1felz, lall s,

1 p
> Shillgly, = Mliglg, = 5 lals

2
1 - i B
= 5 b1 = B=2M)lqlz, + SalE, — 5 lale (17)
Note that (H;) implies by — f —2M > 0. Set
1 by —p—2M
Q = —, =
C 2C2

By (1), if [lgllg, = ¢ then O < [lg|lzg2, <1 and (17) gives [i(q) >o.

It remains to prove that for every k € N there exists e, € Ej such that |lei||g, > ¢
and I (ex) <0. By the use of (5), (9) and (8) we have that for every { € R\ {0} and
q € Eix \ {0} the following inequality holds:

E 2 kT
Ik(Cq) < 27€||q||%;k —m|c|“/ oy ds

HIE W fill 2, Mgl +2KTm. (18)

Take Q € Ep such that Q(£T7) = 0. Since p > 2 and m > 0, (18) implies that there
exists £ € R\ {0} such that [|EQ|g, > ¢ and I1(£Q) < 0. Set e1(z) = £Q(¢) and

e for |t|<T,
e(t) = {0 for T < |t| <KT (19
for k > 0. Then e, € Ey, llexllg, = lleille, > ¢ and Ix(ex) = Ii(e1) < O for every
k € N. By Theorem 2.5, Iy possesses a critical value cx > given by

cry = inf max I;(g(s)), (20)
gely s€[0,1]
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where
I ={g € C([0, 1], Ex):8(0) =0, g(1) = ex}.
Hence, for every k € N, there is ¢x € E; such that
Ik(qk) = ck, Ii(qx) = 0. 21

The function g is a desired classical 2kT -periodic solution of (HSk). Since c¢x > O,
gk is a nontrivial solution even if f;(r) =0. O

Let C{(’)C(R, R™), where p € N U {0}, denote the space of C? functions on R with
values in R” under the topology of almost uniformly convergence of functions and all
derivatives up to the order p. Using the Arzela-Ascoli theorem we prove what follows.

Lemma 2.6. Let {qr}reN be the sequence given by (21). There exist an increasing
function @:N — N and a C' function gqo: R — R" such that ey —> qo, as k —
+00, in CL (R, RM).

loc

Proof. The first step in the proof is to show that the sequences {ck }ren and {llgkll £, }kenN
are bounded. For every k € N, let g4:[0, 1] — Ej be a curve given by gi(s) = sex,
where e; is determined by (19). Then g € I'y and Ix(gx(s)) = I1(g1(s)) for all k € N
and s € [0, 1]. Therefore, by (20),

< max I1(gi(s)) = Mo (22)
s5€[0,1]
independently of k € N. As I/ (gx) = 0, we receive from (9), (11) and (Hs) that
1 /
cx = Ir(qr) — Elk(CIk)CIk

m kT 1 kT
> (5-1) [ weamars s [ G,
—kT 2 )kt

and hence

kT 1 kT
Wit qe(t)dt < — (2Ck —/ (fe(@), Qk(t))dt) .
—kT n—72 kT

Combining the above with (8), (9) and (22) we have

2uMy

- 2 2u—2
billgrl g, < = + 2 I fellz, Mz,
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and, in consequence, by (H7)

Plu—1) 2uMy
L a— - ——<0. 23
Clu—2) gl £, M (23)

billgrlz, — 5

Since b; > 0 and all coefficients of (23) are independent of k, we see that there is
M; > 0 independent of k such that

gl £, < M. (24)

We now observe that the sequences {gilren, {Gk}ren and {Gilren are uniformly
bounded. By (1),

lgrllLge, <CMy = Ma (25)
for every k € N. Since g satisfies (HSy), if t € [—kT, kT] we have
gk OIS + Vg, g@)] = | f(O] + [ Vg (2, ge(D)].
Therefore (25), (H;) and (Hg) imply that there is M3 > 0O independent of k such that
Gl Lzp, < Ms. (26)

From the Mean Value Theorem it follows that for every k € N and ¢ € R there exists
Tt € [t — 1, t] such that

t
gk (k) = f Gr(s)ds = qi(t) — qr(t — 1).
-1
In consequence, combining the above with (25) and (26)

lgr ()] =

t
/ Gr(s) ds + gr (i)

k

t
< / G () ds + g (1) — qi(t — DI< M3 +2M> = My,
1—1
and hence for every k € N

lgxllLge, < Ma. 27)

2kT
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The task is now to show that {gi}ren and {gi}ren are equicontinuous. Of course, it
suffices to prove that both sequences satisfy the Lipschitz condition with some constants
independent of k. Let k € N and ¢, 7o € R. Then

t t
/q'kmds < / G ()] ds
In) 1o

lgx (1) — qi (t0)| = <Myt — 1],

by (27), and analogously,
lgr () — Gi (to) | < M3t — 1o,

by (26). Since {gi}ren and {gi}ren are bounded in L5, (R, R") and equicontinuous,
we obtain the existence of a subsequence {gqk)}reN convergent to a certain go in
CIIOC(R, R") by using the Arzela-Ascoli theorem. [

Our next goal is to show that g is the desired homoclinic solution of (HS). For this
purpose, we need the following observations.

Fact 2.7. Let q: R — R" be a continuous mapping. If a weak derivative ¢: R — R"
is continuous at ty, then q is differentiable at ty and

i 4 —a(t0)
m —- =

t—1y I —1

q(to).

Proof. Fix ¢ > 0. By the assumption, there exists 6 > 0 such that for every ¢ € R, if
|t —tyg| < o then |g(t) — q(tp)| < e. Hence

@) = G(t0)) ds

t—1o

q() — q(t)
t—1o

. Jold(s) — g0l ds

<Le
|t — ol

Ci(lo)' =

provided that 0 < |t — 1] < 0. O

Let L?

. loc
integrable.

(R, R™) denote the space of functions on R with values in R" locally square

Fact 2.8. Let q:R — R" be a continuous mapping such that ¢ € LIZOC(R, R™). For
every t € R the following inequality holds:

172
412
|q<r)|<f2<f (|q(s)|2+|q(s>|2)ds) : 28)
=172
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Proof. Fix r € R. For every 7 € R,

lg@]< g (D] + . (29)

t
/ q(s)ds

Integrating (29) over [t — %, t+ %] and using the Holder inequality we obtain

1+1/2 ¢
90| </ <|q<r>|+ / q‘(s)ds)dr
t—1/2 T
t+1/2 t 2
(/ (Iq(T)IJr / t?(S)dS) dr)
—1/2 T
+1/2 ' 2 172
(2/ <|q(‘c)|2+ f g(s)ds )dr)
—1/2 T

1+1/2 t+1/2 1/2
ﬁ/ |q(r)|2dr+/ 1G(s)|? ds .0
t—1/2 t—1/2

1/2

N

N

N

Lemma 2.9. The function qo determined by Lemma 2.6 is the desired homoclinic so-
lution of (HS).

Proof. The proof will be divided into four steps.
Step 1: We show that qq is a solution of (HS). For every k € N and ¢ € R we have

Got) () = fou) () — Va(t, qeu) (1)). (30)

Since gk — qo and fyk) — f almost uniformly on R, we obtain that Gyu) — w
almost uniformly on R, where w(t) = f(t) — V,(t, qo(2)). Fix a, b € R such that
a < b. There is ko € N such that for every k>ko and ¢ € [a, b], (30) becomes

Gouo®) = f@) = Vy(t, g (1)).

Hence, if k> ko then the restriction of gy onto [a, b] is continuous. From Fact 2.7 it
follows that G, is a derivative of gy) in (a, b) for every k>ko. Since Gy — w
and Gy —> go almost uniformly on R, we have w = o in (a, b). By the above, we
conclude that w = gp in R and ¢ satisfies (HS). Moreover, note that we have actually
proved that {gyx)}keN converges to go in the topology of Cz (R, RM).

loc
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Step 2: We prove that go(t) — 0, as r — £oo. We have

+00 ) 5 iT ) 5
| (w@r +1a00R) dr = tim [ (1a0)P + 1o a
—00 i—+o0o J_iT
iT 5 5
= 1l li ( t ] t )dt.
Jm dm ] 1900 (D17 + 10 (0]

Clearly, for every i € N there exists k; € N such that for all k >k; we have
i 2 2 2 2
| (90w ®F + koo 2) dr <o, <M
—iT

by (24). Letting k — 400, we get
i 2 2 2
| (o +1a00P) dr <o,
—iT
and now, letting i — 400, we have
oo 2 2 2
| (o +1d0rR) ar<as?
—0o0
and so
| (1a0P + tao0P) dr — o, 31
lt|=r
as r — +o0o. Combining (31) with (28) we receive our claim.

Step 3: We now show that go(z) — 0, as t — £o0. To do this, observe that

+1/2 t+1/2

G0 (O <2 / i) (32)

1—1/2

(190) + ldo )P ds + 2/

-1/

by (28). Since we have (31) and (32) it suffices to prove that

r+1
f lGo(s)|* ds — 0, (33)

as r — £oo. By (HS) we obtain
r+1 r+1
/ lGo(s)*ds = / (1Va (s, qo)IP + 17 )) ds

r+1
—2/ (Vg (s, go(s)), f(s))ds.
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Since V4 (t,0) =0 for all r € R, go(t) — 0, as t — F00 and f:“ [ f(s)|*ds — 0, as
r — +o00, (33) follows.

Step 4: In the end, we have to show that if f = 0 then gg s 0. For this purpose, as
Rabinowitz we use the properties of Y given by (6). The definition of Y implies

2kT

kT
/?#Wau%mx%a»m<Ym%mw)Mmg (34)

for every k € N. Since I/ (qi)gx = 0, (10) gives

kT kT kT
/kT(Wq(thk([))’Qk(t))dt :/ , |C}k(t)|2dt+/kT(Kq([»C]k(t))va(t))df- (35)

Substituting (35) into (34), and next applying (H3) and (Hy) we obtain

Y (gl ) lgill, = min(L, b1} lqely,

and hence
Y (lgellzg,) > min{l, b} > 0. (36)

The remainder of the proof is the same as in [12]. If lgkliLse, — 0, as k — 400, we
would have Y (0) > min{l, b1} > 0, a contradiction. Thus there is y > 0 such that

larlizse, =7 (37

2kT

for every k € N. Clearly, gx(t + jT) is a 2kT -periodic solution of (HS;) for every
J € Z. By replacing earlier, if necessary, gx by gix(t + jT) for some j € [k, k] N Z,
one can assume that the maximum of g occurs in [—7, T']. Suppose, contrary to our
claim, that go = 0. Then, by Lemma 2.6,

lgpwllLs, . = nax 99k ()] — 0,

which contradicts (37). O
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